In this paper we review theoretical work on slow and fast light effects in quantum dot (QD) semiconductor waveguides and the potential applications in microwave photonics. In particular we emphasize the unique ultrafast carrier dynamics occurring between discrete QD bound states and its influence on the dynamic gain grating and cross gain modulation in QD semiconductor optical amplifiers (SOAs). The exploitation of ultrafast carrier dynamics enables the realization of phase shifters at frequencies in the range of 100 GHz.
INTRODUCTION
Controllable slow and fast light using coherent population oscillations (CPO) has been experimentally demonstrated in solid state crystals [1] and different active semiconductor waveguides at room temperature [2] [3] [4] . The change of light speed can be described as an effect of index dispersion (dynamical gain grating) arising from wave mixing in saturable absorption or gain media, where the population is driven coherently by the beating of two light beams. Such index dispersion with contributions from various carrier dynamical processes leads to a change in the relative amplitude and phase of the spectral components, which is also referred to as Bogatov effect in semiconductor materials [5] . So far carrier density pulsations (CDP) with carrier lifetime on the scale of tens of picoseconds to a nanosecond has been the dominating effect in experiments and modeling involving sinusoidally modulated optical signals in semiconductor optical amplifiers (SOAs) [2, 3] . For potential applications in microwave photonics, it is of significant interest to use semiconductor devices as slow light element in realizing an optically fed microwave phase shifter. Great efforts towards alleviating the limitation of bandwidth as well as maximum variable phase shift range have been reported [6] [7] [8] [9] . Recent calculations and experiments indicate that quantum dot (QD) based devices are good candidates for high speed optical signal processing due to the unique ultrafast inter-subband carrier dynamics between discrete QD bound states [9] [10] [11] [12] [13] .
In this work, we review our theoretical work on ultrafast inter-subband carrier dynamics occurring between discrete QD bound states. In particular, we discuss the influence on the dynamic gain grating and cross gain modulation (XGM) in QD SOAs and their potential implementations as microwave phase shifter working at modulation frequencies in the range of 100GHz [14, 15] . Our QD SOA model is based on the well-established rate equation approach originally developed for describing carrier dynamics in 1100 nm inhomogeneously broadened InAs/GaAs QDs [10] , as shown in Fig. 1(a) . Such model treats inhomogeneous (size) broadening by dividing the ensemble into subgroups of dots with similar size. In each dot subgroup, electrons/holes from a common reservoir, wetting layer (WL) and barrier, are assumed to only occupy the two lowest discrete QD bound states, i.e., ground (G) states and (E) states. Boltzmann scattering model based on Fermi's golden rule are used to describe the ultrafast electron inter-subband transitions between discrete QD states with pairs of capture and escape processes. The phenomenological rates for these capture/escape processes depend on the carrier density and temperature via phonon and Auger assisted contributions [10] . The typical characteristic times ranging from subpicoseconds to tens of picoseconds were extracted from two-color pump-probe measurements [16] and carrier capture calculations [17, 18] . Due to the narrow spacing between valence band levels, which follows from the large hole mass, we have used a local carrier density description of the dynamics of the holes, with an intra-band scattering time of 100 fs. Nanosecond scale carrier lifetimes for reservoir are used. Assuming zero linewidth enhancement factor (neglecting the refractive index dynamics), the gain dynamics corresponding to the discrete QD states can be evaluated by calculating the electric field probe gain as a function of frequency detuning in a simple continuous wave (CW) pump-probe configuration. The incoherent part shown in Fig. 1(b) illustrates the gain saturation with a spectral hole burning (SHB) profile governed by a homogeneous linewidth around one THz. Meanwhile, the coherent part (dynamic gain grating, or referred as CPO effect) shown in Fig. 1 (c) has two distinctive resonant contributions at tens of gigahertz and sub-gigahertz bandwidth, corresponding to ultrafast electron inter-subband dynamics (featured by electron capture processes for gain recovery) and slow total carrier density pulsation respectively. At low injection current, the sub-gigahertz resonance dominates the coherent response which is similar to CDP in the bulk material. At high injection current, the sub-gigahertz resonance is greatly suppressed and the enhanced wideband resonance enables high speed optical signal processing in QD devices [11] . When additional optical carriers are involved, similar ultrafast coherent gain dynamics can also be revealed as high speed XGM effects in QDs [12] . [14] (a) (b) (c) [3, 4] . (c) The corresponding Phase shift and RF optical gain under strong injection current (10kA/cm 2 ). Fig. 2(a) shows the conventional scheme to achieve slow/fast light based on CPO effects for sinusoidally modulated optical signals [2] [3] [4] 6] . The slow/fast light effects are characterized via the phase shift that an RF modulated envelope undergoes and can be tuned either by controlling the bias of the QD SOAs or by varying the input optical power. In principle, both gain and refractive index in an SOA give important contributions to the amplitude and phase changes of different spectral components. However, since the phase change imposed on a probe component by wave mixing with a pump is anti-symmetric with respect to the detuning frequency between pump and probe, the effect of such anti-symmetric phase change cancels out for a conventional double sideband signal with a central carrier (pump) and two modulation sidebands (probes) [3] . In general, fast light (negative phase shift) is observed in the gain regime. Fig. 2(b) shows the simulated phase shift and RF optical gain as a function of modulation frequency at different optical transitions corresponding to ground state ( G ) and excited state ( E ) for different input pump powers. For the G transition, a maximum phase shift of around -34° is observed at a peak modulation frequency around 300 MHz by increasing the input power by 20 dB, and this phase shift is accompanied by a steep RF optical gain variation. As the modulation frequency is increased, the phase shifts decreases. These results agree well with experimental observations [4] and are explained by the slow CDP model [3, 4] . As we consider the case of the E transition, we observe the appearance of phase shift maxima at two separate frequencies: a value of -18° peaked around 300 MHz and a value of -12° peaked at a much higher frequency of around 70 GHz. Because of the different saturation powers for G and E transitions, even with similar modal gain, the magnitude of the two phase shifts differs considerably. We observe also that the two phase shift peaks correspond to the two different plateau-levels of RF optical gain seen in the lower plot of Fig. 2(b) . The high-frequency peak corresponds to the resonant response determined by the ultrafast electron inter-subband dynamics as shown in Fig. 1(c) . As we increase the injection current to 10 kA/cm 2 , this electron transition dynamics in QDs is further enhanced and dominates over the CDP mechanism. The second phase shift peak is enhanced and shifted towards 100GHz, or even higher frequencies, as shown in Fig. 2(c) . The plateaus of constant RF optical gain are also extended to higher frequencies. In reality, the ultrafast carrier dynamics in QD SOAs might strongly depend on the bias control condition and signal power as well as dot shape and fabrication process via the intersubband scattering times, see e.g. [19] , which provides potential for controlling the second peak modulation frequency. [15] (a) (b) (c) Alternatively, we also proposed a novel dual-wavelength-configured phase shifter based on dynamic gain gratings induced by high speed XGM in QD SOAs [15] . Fig. 3(a) shows the considered wavelength upconversion configuration based on QD SOAs. There are two main changes compared to the conventional small signal XGM configuration in [12] . First, the optical frequencies of the data signal ( DATA = E ) and CW signal ( CW = G ) are chosen corresponding to the two lowest discrete QD bound states, i.e., excited (E) and ground (G) state, which are connected by fast (sub-picosecond) inter-subband electron relaxation. The frequency detuning P is constant and relatively weak. Therefore the dynamic gain grating is no longer solely determined by the data signal as in the small signal regime. Instead, in terms of the two wave competition [20] , both the data and XGM converted signal are considered to compete for the available carriers and interact with dynamic gain gratings (at frequencies DATA and CW ) via fast intersubband effects in QDs, especially under a high current injection. By ideal flat-top selective optical bandpass filtering, we can characterize the output phase shift OUT X ϕ of the intensity envelope at the given optical frequency X (X = CW, DATA). Fig. 3(b) shows the calculated incoherent modal gain of QD SOAs for different values of the input CW power. As the stimulated emission at frequency CW (input CW power) increases, spectral holes are seen to develop in the gain spectrum, centered at the E and G states. Notice that the SHB corresponding to the E state transition originates from the large contrast between the fastest intradot electron relaxation and the intermediate electron capture from R to E states, which is synonymous to the existence of an injection bottleneck due to long capture time or short escape time [21] . As the rate of removal of carriers in the QD G state due to stimulated emission approaches the injection rate between reservoir and QDs, it is possible to deplete the E state carrier population and thus even switch from gain to absorption. Fig. 3(c) shows the corresponding coherent part of gain dynamics in XGM effect. Flat XGM responses approximately up to 100 GHz are observed, which reveals the role of fast inter-subband QD carrier dynamics [11] . As the CW power is modest, the XGM responses in the low modulation frequency range have a phase shift of around -relative to the modulation of the input data signal, which is similar to wavelength conversion with an inverse pattern in the small signal regime [12] . As the CW power is strong and depletes the incoherent gain of E state into absorption, a -shift of the XGM response is consistent with switching to "non-inverting" cross absorption modulation (XAM) [22] . Thus, by increasing the input CW power, the XGM converted signal experiences the corresponding -shift and also benefits from the efficient conversion at high modulation frequencies. Fig. 4(a) shows the calculated characteristics of the RF output signal at a modulation frequency of 40 GHz in our wavelength conversion configuration under strong current injection. We fix the input data signal at 1 mW to retain a reasonable signal to noise level. The top part of Fig. 4(a) shows a ~180 degree tunable phase shift OUT CW ϕ for the XGM converted output by controlling the input probe power. The sharp increase of the phase shift corresponds to the notch-type drop of the XGM efficiency (related to the RF optical gain) seen in the bottom part of Fig. 4(a) at frequency CW . In the small signal regime, only the data signal dominates the dynamic gain grating and a linear increase of XGM efficiency can be observed. The intensity envelopes of the output data signal and the XGM converted signal are nearly out of phase (~180 degree for
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In the two-wave-competition regime, the dynamic gain gratings also depend on the mean power of the spatially varying CW signal. As the stimulated emission at the G state transition reaches the maximum value imposed by the injection bottleneck, the amplifiers can be regarded as being spatially divided into a usual XGM section and an XAM section. Thus the intensity envelope of the XGM signal experiences a -shift in between these two sections, which results in a notch-type drop in the XGM efficiency and a ~180 degree phase shift. As such -shift is governed by the incoherent part of gain dynamics by two-wave competition, we can achieve similar 180 degree phase shifting properties at a broad bandwidth even beyond 100GHz as shown in Fig. 4(b) . However, we also noticed that the corresponding RF optical gain changes significantly, which is an undesirable feature.
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CONCLUSION
We numerically demonstrate two types of microwave phase shifters based on CPO and XGM effects in QD SOAs at modulation frequencies much higher than the inverse of carrier lifetime. In both cases, ultrafast nonequilibrium inter-subband carrier dynamics in QDs plays an import role in extending the bandwidth to 100 GHz or even higher.
